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The classical electromagnetic field of a spinless point electron is described in a for-
malism with extended causality by discrete finite transverse point-vector fields with
discrete and localized point interactions. These fields are taken as a classical represen-
tation of photons, “classical photons”. They are all transversal photons; there are no
scalar nor longitudinal photons as these are definitely eliminated by the gauge condition.
The angular distribution of emitted photons coincides with the directions of maximum
emission in the standard formalism. The Maxwell formalism and its standard field are
retrieved by the replacement of these discrete fields by their space-time averages, and
in this process scalar and longitudinal photons are necessarily created and added. Di-
vergences and singularities are by-products of this averaging process. This formalism
enlighten the meaning and the origin of the non-physical photons, the ones that violate
the Lorentz condition in manifestly covariant quantization methods.
PACS numbers: 03.50.De 11.30.Cp
The concept of extended causality [1–4] allows a formalism for field theory in terms of discrete point-
like fields with localized point-interactions and free of singularities and divergences. This is relevant
for pointing the way to a finite description of fundamental fields in terms of point-like objects, a
possible alternative to string motivated approaches. In this note we write Classical Electrodynamics
in this formalism for the description of the field of a classical spinless point electron. We start, for
completeness, with a brief review of reference [4], about extended causality and its applications to field
theory, before showing how it applies to the electromagnetic field.
In the standard field theory formalism the evolution of a field is constrained by
∆τ2 = −∆x2, (1)
where ∆τ is the change of proper time associated to ∆x. Geometrically (1) is the definition of a three-
dimensional double cone in a Minkowski spacetime of metric η = diag(1, 1, 1,−1); ∆x is the four-vector
separation between a generic event xµ ≡ (~x, t) and the cone vertex. See the Figure 1. This hypersurface
is the support manifold for the field definition: a free field cannot be inside nor outside but only on the
cone. The cone-aperture angle θ is given by
1
tan θ =
|∆~x|
|∆t|
, c = 1. (2)
A change of cone-support corresponds to a change of speed and would be an indication of interactions.
Special Relativity restricts θ to the range 0 ≤ θ ≤ π4 , which corresponds to a restriction on ∆τ :
0 < |∆τ | ≤ |∆t|. (3)
x
t
→
P
θ
Fig. 1. The relation ∆τ2 = −∆x2, a causality
constraint, is seen as a restriction of access to
regions of spacetime. It defines a three-dimension
cone which is the spacetime available to a point
physical object at the cone vertex.
This is local causality. The concept of extended causality corresponds to a more restrictive constraint;
it requires that (1) be applied at two neighboring events x and x+dx. This is equivalent to the imposition
of a second constraint, besides the first one (1):
∆τ + f.∆x = 0, (4)
where f is defined by fµ = dx
µ
dτ
, a constant four-vector tangent to the cone; it is spacelike (f2 = −1) if
∆τ 6= 0, or timelike (f2 = 0) if ∆τ 6= 0.
The equation (4) can be obtained from direct differentiation of (1), ∆x.dx+∆τdτ = 0, and geometrically
(4) defines a hyperplane tangent to the cone (1). We have from (4) that
fµ = −
∂τ
∂xµ
,
where τ is a solution of (1) and is seen as a function of x: τ = τ0 ±
√
−(∆x)2. For ∆τ = 0, fµ is
orthogonal to the hyperplane (4).
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Imposing in field theory the two constraints, (1) and (4), instead of just (1), as it is usually done,
correspond to knowing the initial position and velocity in point-particle dynamics.
Together, the constraints (1) and (4) are equivalent to the single condition
∆x.Λf .∆x = 0, (5)
with Λfµν = ηµν + fµfν , (fµ = ηµνf
ν), which is a projector orthogonal to fµ, f.Λ.f = 0. Therefore the
constraint (5) only allows displacements ∆xµ that are parallel to fµ. A fixed four-vector f at a point
represents a fiber in the spacetime, a straight line tangent to fµ, the f -generator of the local cone (1).
For a massless field (1) defines a lightcone, (4) defines a hyperplane tangent to this lightcone, and fµ
is the lightcone generator tangent to this hyperplane.
Af (x) is a f-field, that is, a field defined on a fiber f. It is distinct of the field A(x) of the standard
formalism, which is defined on the entire cone. Af (x) may be seen as the restriction of A(x) to a fiber
f
A(x, τ)f = A(x, τ)
∣∣∣
dx.Λf .dx=0
(6)
It is a point-like field, the intersection of the wave-front A(x, τ) with the fiber f . Conversely, we have
the following relation
A(x, τ) =
1
4π
∫
d2ΩfAf (x, τ), (7)
where the integral represents the sum over all f directions on a cone. 4π is a normalization factor. The
physical interpretation associates Af (x), a point-perturbation propagating along the lightcone generator
f, with a physical photon - it is called a classical photon - and A(x), the standard field, to the effect
of the exchanged classical photon averaged in time and in space. The Figure 2 shows the relationship
between the fields Af and A for a process involving the emission of a single physical photon Af (x); A
is its space average.
The derivatives of Af (x), allowed by the constraint (5), are the directional derivatives along f, which
with the use of (4) or of (5) we write as
3
∂µAf = (
∂
∂xµ
+
∂τ
∂xµ
∂
∂τ
)A(x, τ)
∣∣∣
dx.Λf .dx=0
=
( ∂
∂xµ
− fµ
∂
∂τ
)
Af ≡ ∇µAf . (8)
With∇ replacing ∂ for taking care of the constraint (5), the propertime τ is treated as a fifth independent
parameter or coordinate.
t
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Fig. 2. The relationship between the fields Af
and A. The three doted circles represent, at three
instants of time, the field A as an spherically sym-
metric signal emitted by a charge at the point P.
The straight line PQRS. . . is the fiber f, a light-
cone generator tangent to fµ. The points Q, R,
and S are a classical photon Af at three instants
of time.
The field equation for a massless field is
ηµν∇µ∇νAf (x, τ) = J(x, τ), (9)
or, explicitly
(ηµν∂µ∂ν − 2f
µ∂µ)Af (x, τ) = J(x, τ), (10)
as f2 = 0. J is its source four-vector current.
An integration over the f degrees of freedom in (9) reproduces, with the use of (7), the usual wave
equation of the standard formalism,
ηµν∂µ∂νA(x) = 4πJ(x), (11)
as
∫
d2Ωff
µ∂µ∂τAf(x) = 0 because [3] Af (x) = A−f (x). Observe that the missing 4π in (9) and in (10)
has re-appeared in (11) after using (7) to retrieve the standard wave equation of A.
So, the standard formalism is retrieved from this f -formalism with the A(x) as the average of Af (x),
in the sense of (7). Af (x) can be seen as a “photon”, a classical photon, a particle-like classical field of
which the electromagnetic field A(x) represents just an average, as the eq. (7) can be interpreted. We
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shall expose next the structure of Classical Electrodynamics written in terms of Af (x).
The Green’s function
The f -wave equation (9) can be solved by a f-Green’s function,
Af (x, τx) =
∫
d4ydτy Gf (x − y, τx − τy) J(y), (12)
with Gf (x − y, τx − τy) being a solution of
ηµν∇µ∇νGf (x− y, τx − τy) = δ
4(x− y)δ(τx − τy) := δ
5(x − y). (13)
This equation has been solved in [3]:
Gf (x, τ) =
1
2
θ(−bf¯ .x)θ(bτ)δ(τ + f.x); (14)
where b = ±1, and θ(x) is the Heaviside function, θ(x > 0) = 1 and θ(x < 0) = 0. Gf (x, τ) does
not depend on ~xT, where the subscript T stands for transversity with respect to ~f,: ~f.~xT = 0; this
corresponds to an implicit δ2(~xT) in (14).
The properties of Gf are discussed in [3]. For f
µ = (~f, f4), f¯ is defined by f¯µ = (−~f, f4); f and f¯ are
two opposing generators of a same lightcone; they are associated, respectively, to the b = +1 and to the
b = −1 solutions and, therefore, to the processes of creation and annihilation of a photon. For b = +1
or t > 0, Gf (x, τ) describes a point signal emitted by the electron at τret = 0, and that has propagated
to x along the fiber f, of the future lightcone of z(τret); for b = −1 or t < 0, Gf (x, τ) describes a point
signal that is propagating along the fiber f¯ of the future lightcone of x towards the point z(τadv) where
it will be absorbed (annihilated) by the electron. See the Figure 3. Observe the differences from the
standard interpretation of the Lie`nard-Wiechert solutions. There is no advanced , causality violating
solution here. J is the source of the f solution and a sink for the f¯ solution. These two solutions
correspond to creation and annihilation of particles, of classical photons. Gf has no singularity, in
contradistinction to the standard Green function
5
G(x, τ) =
1
r
Θ(bt)δ(r − bt), (15)
which is retrieved [3] by
G(x, τ) =
1
4π
∫
d2ΩfGf (x, τ). (16)
So the classical photon Af doesn’t know any singularity. The singularity presented by its average A(x)
is a consequence of this averaging process on its definition (16). The consequences and the meaning
of (15) and (16) shall be made clearer after equation (40) and we will return to discuss them at the
conclusion of this note.
x
τ
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z (   )
Fig. 3. Creation and annihilation of classical par-
ticles as solutions of the wave equation. At the
event x there are two photons: one, on the fiber
f , was created by the charge at τret, and the other
one at the fiber f¯ will be annihilated by the charge
at τadv. They are both retarded solutions.
The photon field
Let us now apply this f−formalism to the electromagnetic field generated by a classical point spinless
electron. In this formalism where τ is treated as an independent fifth parameter, a definition of a four-
vector current must carry an additional constraint expressing the causal relationship between two events
y and z. Its four-vector current is given by
Jµ(y, τy) = eV
µ(τz)δ
3(~y − ~z)δ(τy − τz), (17)
where zµ(τz), is the electron worldline parameterized by its proper-time τz . The sub-indices indicate
their respective events. For b = +1, that is, for the field emmited by J we have
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Af (x, τ) = 2e
∫
d5yGf (x− y)V
µ(τy)δ
3(~x− ~y)δ(τx − τy), (18)
where the factor 2 accounts for a change of normalization with respect to (12) as we are now excluding
the annihilated photon (the integration over the future lightcone). Then,
Af (x, τ) = eV
µ(τz)θ[−f¯ .(x− z)]θ[−f.(x− z)]
∣∣∣
τz=τx+f.(x−z)
. (19)
So, the field Af is given, essentially, by the charge times its four-velocity at its retarded time.
The Maxwell field Ff at the fiber f is defined to be F
f
µν = (∇µA
f
ν −∇νA
f
µ), but let us show now that
∇θ(f.∆x) and ∇θ(f¯ .∆x) do not contribute to ∇Af , except at ∆x = x − z = 0. The photon, being a
massless field, propagates without changing its propertime, ∆τ = f.∆x = 0; but this condition must be
implemented only after the calculation is done. The derivation of θ(f¯ .∆x) generates a δ(f¯ .∆x) which
with f.∆x = 0 requires ∆x = 0, and ∇θ(f.∆x) = δ(f.∆x)fν (1 + f.V ) = 0 as f.V = −1.
For notation simplicity we take τret = 0 and z(τret = 0), so that we can replace ∆τ and ∆x by τ and
x, respectively; and so, with x 6= 0 and t > 0 we write just
∂νA
µ
f = ∂ν(eV
µ)
∣∣∣
τ+f.x=0
= efνa
µ
∣∣∣
τ+f.x=0
, (20)
with aµ = dV
µ
dτ
. So, we have
F fµν = −e(fµaν − fνaµ)
∣∣∣
τ+f.x=0
(21)
Ff describes the electromagnetic field of a classical photon Af :
Eif = −F
4i
f
∣∣∣
τ+f.x=0
= e(f4ai − f ia4)
∣∣∣
τ+f.x=0
, (22)
and
Bif = −eǫijkF
jk
f
∣∣∣
τ+f.x=0
= eǫijkf
jak
∣∣∣
τ+f.x=0
. (23)
Then we see that ~Ef , ~a and ~f belong to a same plane, that ~Bf is by definition orthogonal to ~f , and
therefore, that ~Ef and ~Bf are orthogonal to each other:
~f. ~Bf = 0
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~Ef . ~Bf = 0
The f−Poynting vector Sf is defined by (without the standard
1
4π factor, which is associated to its
average ~S.)
~Sf = ~Ef × ~Bf = e
2{~f(f4~a.~a− a4~a.~f)− ~a(f4~a.~f − ~f.~fa4)}
∣∣∣
τ+f.x=0
. (24)
The Lorentz gauge condition ∇.Af = 0, which is necessary for reducing ∇νF
µν
f to ∇ν∇
νA
µ
f , implies
on
a.f
∣∣∣
τ+f.x=0
= 0, (25)
which assures that ~Ef is orthogonal to ~f,
~f. ~Ef = e(f
4~a.~f − a4 ~f.~f)
∣∣∣
τ+f.x=0
= ef4a.f
∣∣∣
τ+f.x=0
= 0.
~Ef , ~Bf and ~f form a triad of orthogonal vectors.
The f -Poynting vector (24) is reduced to
~Sf = ~Ef × ~Bf = ~fe
2f4a2
∣∣∣
τ+f.x=0
, (26)
which confirms the physical interpretation of Af as a classical photon propagating along the fiber f .
The photon angular distribution
The Lorentz condition (25) restricts the possible direction of emission of a classical photon by an
accelerated charge: ~f is orthogonal to ~a in the charge stantaneous rest-frame:
~a.~f
∣∣∣ ~V=0
τ+f.x=0
= 0, (27)
as a.V = 0 requires a4
∣∣∣ ~V=0
τ+f.x=0
= 0. If the electron motion is such that ~V and ~a are colinear vectors,
then with a boost along ~V , we have for the angle θ between ~V and ~f :
tan θ =
sin θ′
γ(β + cos θ′)
=
1
γβ
,
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or
sin θ =
√
1− β2,
where β = | d~z
dtz
|. So, a ultra-relativistic electron emmits a photon in a very narrow cone about the ~V
direction. The direction of photon emmission coincides with the direction of maximum emmission in
the standard formalism [5,10]. See the Figure 4.
f, S
θ
→ →
→ →
→
→
a '
f'
a) b)
V a,
Fig. 4. Radiation from an electron in a straight-
line motion. The Lorentz condition requires that
~f ′ be orthogonal to the electron three-vector
acceleration ~a′ on its instantaneous rest frame:
~a′. ~f ′ = 0. In the laboratory frame the radia-
tion is restricted to a cone of aperture θ, with
sinθ =
√
1− β2, ~β = d~x
dt
.
If the charge is in a circular motion then ~a.~V = 0, which from a.V = 0 implies also that a4 = 0 and
then, with (25), that ~a.~f = 0.
Inverting (23) we find that
~f =
~a× ~Bf + e~a~f.~a
e~a.~a
=
~a× ~Bf
e~a.~a
. (28)
Then we conclude from (28) that, for a charge in a circular motion, ~f is orthogonal to the plane
defined by ~Bf and ~a. But, in the absence of magnetic monopoles, ~Bf is always orthogonal to ~V and
so we have that the field sincroton radiation is always emitted in the ~V -direction. Again, this agrees
with the direction of maximum emission in the standard formalism [5,10]. The f−formalism is just
uncomparably simpler.
The photon energy-momentum
The invariant F 2 = FµνFµν takes the following form
9
F 2 = −2e2(a.f)2
∣∣∣
τ+f.x=0
, (29)
and is null as a consequence of (25). Therefore, | ~Ef | = | ~Bf | is also a consequence of the Lorentz gauge.
The electron self-field energy-momentum tensor at the fiber f, defined by (also without the standard
1
4π factor)
Θµνf = F
µαFαν −
ηµν
4
F 2
becomes
Θµνf = e
2
{
af (a
µfν + aνfµ)− fµfνa2 +
ηµν
2
a2f
}∣∣∣
τ+f.x=0
, (30)
where af = a.f. With the Lorentz condition it is reduced to
Θµνf = −e
2fµfνa2
∣∣∣
τ+f.x=0
. (31)
Its physical interpretation is quite clear: Θf is not null only at those events that satisfy the constraint
τ+f.x = 0 on the fiber f that passes by the charge at the emission (retarded) time. It clearly represents
the energy-momentum of a point “photon”propagating along the lightcone generator f.
In the standard formalism the electromagnetic momentum-energy four-vector P is the flux of Θ through
a hypersurface σ,
Pµ = −
∫
σ
dσ3Θµνnν , (32)
where nν is a normal of the hypersurface σ. In the case of Pf , its implicit constraints δ(τ + f.x), δ(τ)
and δ2(~xT) reduce it to
P
µ
f = −
∫
σ
d3σΘµνf nν = −Θ
µν
f nν
∣∣∣
τ+f.x=0
= e2a2fµ
∣∣∣
τ+f.x=0
, (33)
with a space-like n, defined by n = f − V , which, in the charge rest-frame, reduces to n
∣∣∣∣
V=0
= (0, nˆ),
where nˆ is the normal of a spherical surface centred at the coordinate origin (the charge position) [6];
f.n = 1. and n.V = 0. While (32) is meaningful only for r > 0 in order to avoid the singularity of
(15) at r = 0, Pf is valid without restrictions. It is important to underline that Pf is not null only at
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a single point, the instantaneous photon position at its fiber f. This confirms our interpretation of Af
as a photon on a fiber f. In a theory of discrete classical fields, Pµf = e
2a2fµ is the energy-momentum
four-vector radiated by the charge e under the acceleration a at the instant of time τ = τret through
the emission of a single photon Af (x, τ) along the fiber f . See the Figure 5. It can be written as
P
µ
f = e
2
∫
dτa2fµδ(τ − τret), (34)
or as
∆Pµf
∆τ
= e2a2fµ
∣∣∣
τ=τret
, (35)
1
2
f
V
V
P Fig. 5. In the standard formalism the radia-
tion emmission is a continuous process but in the
f−formalism it is discrete; it just occurs at iso-
lated events, like P on the figure, on the charge
worldline V1V2.
In the standard description of a continuous emission of a continuous and distributed field A(x, τ),
the discrete and instantaneously emitted Pµf is better replaced by
∆Pµ
∆τ , and the physically real single
photon Af must be replaced by its average (observe the return of the
1
4π factor).
∆Pµ
∆τ
=
1
4π
∫
d2Ωf ′P
µ
f ′ , (36)
where d2Ωf ′ = dφf ′sinθf ′ dθf ′ and φf ′ and θf ′ define a generic fiber f
′(θf ′ , φf ′). This is like if Af has
been replaced by a continuous and isotropic distribution of ficticious photons Af ′ on a hypersurface r =
const. What distinguishes the single, discrete and real photon Af from the ficticious Af ′ is that given
the charge four-vector acceleration a at z(τret), only f satisfies the Lorentz condition a.f = 0
∣∣
τ=τret
, as
for the others a.f ′
∣∣
τ=τret
6= 0. So, Pµf ′ , in(36), according to (30), is not given by (33) but by,
P
µ
f ′ = Θ
µν
∣∣
τ=τret
nν = e
2{(a2f − a
2)f ′µ + aµaf +
nµ
2
a.f ′2}
∣∣∣
τ=τret
. (37)
Now, using the following well known identities [7,8]
1
4π
∫
d2Ωf ′α = V α,
11
14π
∫
d2Ωf ′αf ′β =
∆αβ
3
+ V αV β ,
1
4π
∫
d2Ωf ′αf ′βfγ = ∆(αβV γ) + V αV βV γ ,
where ∆ = η + V V , and the parenthesis on the superscripts mean total symmetrization, we find from
(36) and (37) that
∆Pµ
∆τ
=
2
3
e2a2V µ, (38)
the standard expression of the Larmor Theorem. The momentum-energy e2a2fµ
∣∣∣
τ+f.x=0
of a single
photon is then replaced in the continuum picture by its spacetime averaged value (38).
Physical and non-physical photons
The Lorentz condition (25) in this formalism has a very clear and enlightening meaning. The con-
dition a.f = 0 says that the photon is emitted along a lightcone generator orthogonal to the charge
instantaneous four-vector acceleration. We see from (37) and (38) that in order to reproduce the ra-
diation rate obtained from the standard continuous field A(x, τ) we necessarily must include ficticious
photons Af ′ that violate the Lorentz condition. This is an indication that the average field A(x, τ) con-
tains spurious non-physical photons. This is confirmed from an analysis of the retrieving of (16) from
(15). Let us first make clearer the distinction between a physical and a non-physical field here. The
physical point-field Af propagates along the lightcone generator f ; f is indeed its four-vector velocity.
For a non-physical field Af ′ f
′ is not co-linear to its four-vector velocity, it is not the tangent vector
to its lightcone generator. This is closely related to the field satisfying or not the Lorentz condition.
Now we can understand the meaning of (15) and (16). The integration over f , in order to retrieve the
results of the standard formalism in terms of averaged fields, requires the releasing of the constraint
(25). So, the field A is composed by the actual field Af that satisfies (25) plus a continuous distribution
of ficticious or non-physical photons that violate (25) and that, consequently, has nothing to do with
the physical process. This is clearly exposed in the process of retrieving the standard Green’s function
from Gf .
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G(x, τ) =
1
4π
∫
d2ΩfG(x, τ)f . (39)
With τ = 0 in (14) we can write f.x = f4(r cos θf − εt), where ε =
|~f|
f4
and the angle θf is defined by
~f.~x = r|~f | cos θf , for a fixed ~x, which we take as our coordinate z-axis. This sets the inclusion of the
spurious fields: the physical photons are only the ones with θf = 0 but the integration on d
2Ω is over
the whole solid angle 4π. Then we have
G(x, τ) =
2
4π
∫
dφf sin θfdθfΘ(at)δ(r cos θf − εt) =
1
r
Θ(at)Θ(r − εt) =
1
r
Θ(at)δ(r − εt). (40)
The factor 2 in front the integral sign is to account for the double cone (f4 > 0 and f4 < 0, the past
and the future cones); we normalized |~f | to 1. In the last step we made use of the constraint (1), which
implies that r cannot be larger than ǫt and so θ(r − ǫt) is actually a δ(r − ǫt).
As a final remark we observe that when the effective averaged field A(x, τ) is quantized in a manifestly
covariant way we have problems with non-physical photons that, in contradistinction to the real ones,
must be eliminated by the imposition of the Lorentz gauge ∂.A = 0 as a constraint on the allowed
physical states [9]. This is so closely connected to our alternative approach in terms of Af fields
(without the non-physical Af ′) that we could not avoid anticipating this comment on the quantization
of the electromagnetic field, a subject to be properly discussed in a subsequent work; it justifies our
conviction that one should quantize Af and not its average A.
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